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NON-AMENABILTY OF PRODUCT REPLACEMENT GRAPHS
ANTON MALYSHEV⋆
Abstract. We prove non-amenability of the product replacement graphs Γn(G) for uniformly
non-amenable groups. We also prove it for Z-large groups, when n is sufficiently large. It follows
that Γn(G) is non-amenable when n is sufficiently large for hyperbolic groups, linear groups, and
elementary amenable groups.
1. Introduction
The product replacement graph of a group G is the graph of generating n-tuples of G, connected by
Nielsen moves. These graphs play an important role in computational group theory (see e.g. [BL]),
and have been considered in connection with the Andrews-Curtis conjecture (see e.g. [BLM, Met]).
Relatively little is known about these graphs. Even their connectivity is a major open problem (see
e.g. [Eva, Myr]). In this paper, we continue the investigation in [MP].
The main subject of this paper is the non-amenability of product replacement graphs. This is
related to the well-known problem of whether the automorphism group Aut(Fn) of the free group has
Kazhdan property (T ) for n > 3, (see [LZ, LP], see also Subsection 7.2). If so, product replacement
graphs of infinite groups would be non-amenable. This motivates the following conjecture.
Conjecture 1.1. [MP] The product replacement graph Γn(G) of an infinite finitely generated group
G is non-amenable for sufficiently large n.
The purpose of this note is to prove that Conjecture 1.1 holds for several classes of groups. We
prove and use the following two theorems.
Theorem 1.2. If G is uniformly non-amenable, then the product replacement graph Γn(G) is non-
amenable for every n ≥ d(G).
We say G is Z-large if G has a finite index subgroup which has Z as a quotient.
Theorem 1.3. If G is Z-large, then the product replacement graph Γn(G) is non-amenable for
sufficiently large n.
We combine these theorems with the results on uniform non-amenability in [A+] to show that
several classes of infinite groups have non-amenable product replacement graphs. In particular,
hyperbolic groups, linear groups, elementary amenable groups, and free Burnside groups all satisfy
Conjecture 1.1. Note that elementary amenable groups include virtually solvable groups and virtually
amenable groups.
The paper is structured as follows. In Section 2, we define our terms and recall some basic facts
about non-amenability. In Sections 4 and 3, we prove our main theorems. In Section 5 we discuss
the consequences of these theorems to several general classes of groups. In Section 6, we prove the
lemmas we used in the previous sections. Finally, in Section 7 we discuss the relationship of this
problem to unsolved problems, and indicate further directions.
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2. Definitions
The product replacement graph Γn(G) of a finitely generated group G is the undirected graph
whose vertices are n-tuples S = (s1, . . . , sn) ∈ G
n with G = 〈s1, . . . , sn〉, and edges
(s1, . . . , si, . . . , sj , . . . sn)↔ (s1, . . . , si, . . . , sjs
±1
i , . . . , sn)
(s1, . . . , si, . . . , sj , . . . sn)↔ (s1, . . . , si, . . . , s
±1
i sj , . . . , sn)
for each pair 1 ≤ i, j ≤ n, with i 6= j. We call a step from a vertex in this graph to one of its
neighbors a Nielsen move. We denote the minimum number of generators of G with d(G), so Γn(G)
is nonempty only for n ≥ d(G).
Here and elsewhere, by a graph Γ = (V,E) we mean a possibly infinite undirected graph of
bounded degree, which may have loops and repeated edges. By an abuse of notation, we often write
Γ to mean the vertex set of Γ. The distance d(v, w) between two vertices v, w ∈ Γ is defined to be
the length of the shortest path connecting them (or∞ if there is no such path). We define d(v,X) to
be the distance from a vertex v ∈ Γ to a set of vertices X ⊂ Γ, i.e. d(v,X) = min{d(v, x) | x ∈ X}.
For any two sets of vertices X,Y ⊂ Γ, we write E(X,Y ) for the set of edges between X and Y .
Let G be a finitely generated group, and fix a generating tuple S = (s1, . . . , sn) ∈ Γn(G). The
Cayley graph Cay(G,S) = (V,E) is the graph with vertex set V = G, and edges g ↔ gs±1i for
each 1 ≤ i ≤ n.
We define the Cheeger constant of a nonempty graph Γ = (V,E) by
h(Γ) := inf
X
|∂X |
|X |
,
where the infimum runs over all finite sets of vertices X ⊂ Γ, and ∂X = E(X,X) denotes the set
of edges leaving X . We say Γ is non-amenable1 if h(Γ) > 0. When Γ = Cay(G,S), we denote
the Cheeger constant h(Cay(G,S)) with h(G,S). It is easy to check that the property h(G,S) > 0
depends only on the groupG and not on the choice of generators S. We say a finitely generated group
G is non-amenable if h(G,S) > 0, i.e. if Cay(G,S) is non-amenable. However, the Cheeger constant
h(G,S) itself may depend on S. We say G is uniformly non-amenable2 if for every n ≥ d(G), there
is a constant h(G,n) > 0 such that
inf
S∈Γn(G)
h(G,S) > h(G,n).
We say a map f : Γ′ → Γ between two graphs is a Lipschitz map if there is a constant C > 0
such that for every pair of neighbors v, w ∈ Γ′, we have d(f(v), f(w)) ≤ C. We say a subset W ⊂ Γ
is dense if there is a constant D > 0 such that for every v ∈ Γ we have d(v,W ) ≤ D.
3. Uniformly non-amenable groups
A natural special case of Conjecture 1.1 is the case where G is assumed to be a non-amenable
group. One obstacle to proving this is that the Cheeger constant of the Cayley graph may be
arbitrarily small, depending on the generating set of G (see e.g. [A+, O1]). Theorem 1.2 asserts that
if this is not the case, i.e. if the group is uniformly non-amenable, then Γn(G) is non-amenable.
3.1. Lemmas.
To prove this theorem, we need the following two lemmas. The first lemma is a variation on
the fact that quasi-isometry of graphs preserves non-amenability. For more on quasi-isometry, see
e.g. [Woe, §3,4], [dlH, §IV.B].
1Many authors require a non-amenable graph to be connected, but we omit this requirement. Our definition still
forbids finite connected components in Γ.
2This is weaker than the definition in [A+], as we do not compare non-amenability with respect to generating
tuples of different lengths.
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Lemma 3.1. Let Γ and Γ′ be infinite graphs, with Γ non-amenable. Let f : Γ→ Γ′ be an injective
Lipschitz map such that f(Γ) is dense in Γ′. Then Γ′ is also non-amenable.
The second lemma is related to the following standard fact: The class of amenable groups is
closed under the operation of group extensions. That is, if G is non-amenable, then for every normal
subgroup H of G, either H or G/H is non-amenable. In our argument, we only consider the case
where H is the center of G, but we need an explicit lower bound on the Cheeger constant of G/H :
Lemma 3.2. If G is a non-amenable group, then G/Z(G) is also non-amenable. Moreover, for
every S = (s1, . . . , sn) ∈ Γn(G), we have
h(G/Z(G), S˜) ≥ h(G,S),
where S˜ = (s1Z(G), . . . , snZ(G)) ∈ Γn(G/Z(G)).
We prove these lemmas in Section 6.
3.2. Proof of Theorem 1.2.
Let G be a uniformly non-amenable group. Given any S = (s1, . . . , sn) ∈ Γn(G), define a map
fS : G→ Γn(G) by
fS(g) = gSg
−1 = (gs1g
−1, . . . , gsng
−1)
Observe that
fS(gs1) =
(
gs1s1s
−1
1 g
−1, gs1s2s
−1
1 g
−1, . . . , gs1sns
−1
1 g
−1
)
=
(
gs1g
−1, (gs1g
−1)(gs2g
−1)(gs1g
−1)−1, . . . , (gs1g
−1)(gsng
−1)(gs1g
−1)−1
)
is within 2n− 2 Nielsen moves of fS(g). The same is true of fS(gsi) for every 1 ≤ i ≤ n, so fS is a
Lipschitz map from Cay(G,S) to Γn(G), with Lipschitz constant 2n− 2.
Let G˜ = G/Z(G), where Z(G) denotes the center of G. For each g ∈ G, denote by g˜ the projection
of g into G/Z(G). Let S˜ denote the corresponding generating n-tuple of G˜, i.e. S˜ = (s˜1, . . . , s˜n).
Observe that fS(g) = fS(h) if and only if gsig
−1 = hsih
−1 for every 1 ≤ i ≤ n. This occurs
precisely when g−1h commutes with every si, i.e. when hg
−1 ∈ Z(G). Thus we have a well-defined
and injective induced map f˜S : G˜ → Γn(G) given by f˜S(g˜) = fS(g). We also have that f˜S is a
Lipschitz map from Cay(G˜, S˜) to Γn(G), with Lipschitz constant 2n− 2.
Now let S vary. Given S′ ∈ Γn(G), note that S
′ ∈ image f˜S if and only if S
′ = gSg−1 for
some g ∈ G. This is an equivalence relation, so the images of the maps f˜S form a partition of Γn(G)
into equivalence classes. Let S be a set of representatives of these equivalence classes, and consider
the disjoint union of graphs
∆ :=
∐
S∈S
Cay(G˜, S˜).
Using Lemma 3.2 and the fact that G is uniformly non-amenable, we can conclude that the graph
∆ is non-amenable, since
h(∆) ≥ inf
S∈S
h(G˜, S˜) ≥ inf
S∈S
h(G,S) > 0
The maps f˜S for S ∈ S combine into one map f˜ : ∆→ Γn(G). This map is injective, surjective, and
Lipschitz. Therefore, by Lemma 3.1, Γn(G) is also non-amenable. 
4. Z-large groups
It was shown in [MP] that a group containing an element of infinite order must have exponentially
growing product replacement graphs Γn(G), for sufficiently large n. In order to guarantee non-
amenability, we require a stronger property: following [EP], we say a group G is Z-large if it contains
a finite index subgroup which has Z as a quotient. Theorem 1.3 asserts that Z-large groups have
non-amenable product replacement graphs Γn(G), for sufficiently large n.
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Note that in this case there may exist n ≥ d(G) for which Γn(G) fails to be non-amenable. For
example, the infinite dihedral group D∞ is Z-large, but Γ2(D∞) is an amenable infinite graph.
However, Γn(D∞) is non-amenable for every n ≥ 3.
4.1. Lemmas.
To prove Theorem 1.3, we again use Lemma 3.1, as well as two additional lemmas. If H is a
quotient of G, then Γn(G) is a lift of Γn(H). A lift of a non-amenable graph is non-amenable, so we
have:
Lemma 4.1. Let G be a finitely generated group. If Γn(H) is non-amenable for some quotient H
of G, then Γn(G) is non-amenable.
The following fact is well-known. It is related to the fact that Γ2(Z
k) is a Schreier graph of
SL(2,Z), which has property (τ) with respect to its congruence subgroups (see [LZ]).
Lemma 4.2. The product replacement graph Γ2(Z
k) is non-amenable for every k > 0.
We refer the reader to Section 6 for the proofs.
4.2. Proof of Theorem 1.3.
Let G be a finitely generated Z-large group. Let H be a finite index subgroup of G which has Z
as a quotient. Then H is also finitely generated. Thus, the statement that H has Z as a quotient
is equivalent to the statement that [H : H ′] = ∞, where H ′ = [H,H ] is the commutator subgroup
of H . This, in turn, is equivalent to the statement that [G : H ′] = ∞. Let H◦ =
⋂
g∈G gHg
−1 be
the normal core of H in G. Then we also have [G : H◦] < ∞ and [G : (H◦)′] = ∞. That is, H◦
satisfies the same hypotheses as H , so by replacing H with H◦ if necessary, we may assume that H
is normal in G.
We have that H/H ′ ∼= Zr×A for some positive integer r and some finite abelian group A. Let N
be the kernel of the corresponding homomorphism H → Zr. Then N is a characteristic subgroup
of H , and therefore N is a normal subgroup of G.
By Lemma 4.1, it is enough to show that Γn(G/N) is non-amenable for sufficiently large n. Thus,
by replacing G with G/N and H with H/N , we may assume N is trivial, and hence H ∼= Zr .
Fix n ≥ log2 |G/H |. Consider a generating tuple S = (s1, . . . , sn+2) ∈ Γn+2(G), and the corre-
sponding tuple S˜ = (s˜1, . . . , s˜n+2) ∈ Γn(G/H). Every generating (n+1)-tuple of G/H is redundant
(see e.g. [P1, 2.2]), so a bounded number of Nielsen moves in Γn(G/H) sends
(s˜1, . . . , s˜n+2)  (t˜1, . . . , t˜n, 1, 1).
The same Nielsen moves in Γn(G), then, send
(s1, . . . , sn+2)  (t1, . . . , tn, h1, h2),
where h1, h2 ∈ H . If h1 and h2 are both trivial, then G = 〈t1, . . . , tn〉, so in at most [G : H ] more
Nielsen moves, we can reach an element of that form with h1, h2 not both trivial.
For every nontrivial subgroup K < H and every T = (t1, . . . , tn) ∈ G
n with G = 〈T,K〉, there is
a graph embedding Γ2(K)→ Γn+2(G) given by
(h1, h2) 7→ (t1, . . . , tn, h1, h2),
and the images of these embedding are disjoint. Let ∆ denote the union of these embeddings. In
the previous paragparh, we showed that every vertex of Γn+2(G) is a bounded distance away from
∆. Since each K satisfies K ∼= Zk for some 1 ≤ k ≤ r, we have
h(∆) ≥ inf
T,K
h(Γ2(K)) ≥ min
1≤k≤r
h
(
Γ2(Z
k)
)
> 0.
Thus, ∆ is non-amenable. Lemma 3.1 implies that Γn+2(G) is also non-amenable. 
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5. Examples
Theorems 1.2 and 1.3 combine to show that several nice classes of groups satisfy Conjecture 1.1.
First of all, there are a number of uniformly non-amenable groups, as shown in [A+]:
Theorem 5.1 ([A+]). The following classes of groups are uniformly non-amenable:
(i) non-elementary word-hyperbolic groups,
(ii) large groups (i.e. groups with a finite index subgroup which has F2 as a quotient),
(iii) free Burnside groups B(m,n) with m ≥ 2 and sufficiently large odd n,
(iv) groups which act acylindrically on a simplicial tree without fixed points.
Combining this result with Theorem 1.2, we obtain:
Corollary 5.2. The product replacement graph Γn(G) is non-amenable for every n ≥ d(G), if G
belongs to one of the classes (i)-(iv) of Theorem 5.1.
Using Theorem 1.3, we can extend this result to a larger class of groups, at the cost of a somewhat
weaker conclusion. First, we make the following observation, which we prove in Section 6:
Lemma 5.3. Let G be an infinite finitely generated group. If G is elementary abelian, then G is
Z-large.
By Gromov’s Theorem [Gro], every infinite group of polynomial growth is virtually nilpotent, and
therefore elementary amenable. By definition, infinite elementary hyperbolic groups contain Z as a
finite index subgroup. Finally, every virtually solvable group is elementary amenable.
We also have the following theorem, which follows from a stronger version of the Tits alternative
proven in [BG].
Theorem 5.4 ([BG, Theorem 1.5]). If G is a linear group, then either G is virtually solvable, or G
is uniformly non-amenable.
Combining these observations with Corollary 5.2, we obtain:
Corollary 5.5. The product replacement graph Γn(G) is non-amenable for sufficiently large n, if
G is an infinite finitely generated group which belongs to one of the following classes:
(i) elementary amenable groups,
(ii) groups of polynomial growth,
(iii) word-hyperbolic groups,
(iv) linear groups.
6. Proofs of Lemmas
We now prove the lemmas used in the previous sections. The arguments in this section are
standard, but we need the results in a specific form.
6.1. Proof of Lemma 3.1.
Let Γ and Γ′ be any infinite graphs, where Γ is non-amenable. Let f : Γ → Γ′ be an injective
Lipschitz map with Lipschitz constant C. Suppose that d(x, f(Γ)) ≤ D for every x ∈ Γ′.
Given a finite set of vertices X ⊂ Γ′, define the r-neighborhood of X to be
X(r) = {v ∈ Γ′ | d(v,X) ≤ r}.
Let d ≥ 2 be an upper bound on the degrees of vertices in Γ′ and Γ. Suppose
∣∣X(r)∣∣ ≥ α |X | for
some α > 1. Then there are at least (α− 1) |X | paths of length r or less from X to X , each of which
contains at least one edge leaving X . Each such edge occurs in at most rdr−1+(r−1)dr−2+ ...+1 ≤
r2dr−1 of these paths, so
|∂X | ≥
α− 1
r2dr−1
|X | .
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Thus, it is enough to show that there is positive integer r and a constant α > 1 such that
∣∣X(r)∣∣ ≥
α |X | for every finite subset X ⊂ Γ′.
Let C and D be as above. Given a finite X ⊂ Γ′, every vertex of X is within D steps of some
v ∈ f(Γ), and for each v ∈ f(Γ) there are at most dD + dD−1 + · · · + 1 ≤ dD+1 vertices within D
steps of v. It follows that ∣∣∣f−1(X(D))∣∣∣ ≥ ∣∣∣X(D) ∩ f(Γ)∣∣∣ ≥ |X | /dD+1.
Since Γ is non-amenable, there are at least h(Γ) |X | /dD+1 edges leaving f−1(X(D)), and therefore
at least h(Γ) |X | /dD+2 vertices v ∈ Γ with d(v, f−1(X(D))) = 1. Each such v maps to a unique
v′ ∈ Γ′ with v′ /∈ X(D) and d(v′, X(D)) ≤ C. Hence,∣∣∣X(D+C)∣∣∣ ≥ ∣∣∣X(D)∣∣∣+ h(Γ) |X | /dD+2 ≥ (1 + h(Γ)/dD+2) |X | ,
as desired. 
6.2. Proof of Lemma 3.2.
LetG be a non-amenable group, and fix a generating n-tuple S = (s1, . . . , sn) ofG. LetH = Z(G).
Define G˜ = G/H , and S˜ = (s˜1, . . . , s˜n) = (s1H, . . . , snH). Let π : G → G˜ denote the usual
projection.
By picking representatives for each coset of H , we have a bijection between G and G˜×H . That
is, elements of G can be represented in the form (g, h) ∈ G˜×H , where group operation is given by
(g1, h1)(g2, h2) = (g1g2, ⋆). In fact, because elements of H commute with everything, we must have
(g1, h1)(g2, h2) = (g1g2, φ(g1, g2)h1h2),
for some function φ : G˜ × G˜ → H . Then we can write the original generators si in this form:
si = (s˜i, ti), for some ti ∈ H .
It is enough to show that for every finite subset X ⊂ Cay(G˜, S˜), we have |∂X | / |X | ≥ h(G,S).
Let X be a finite subset of Cay(G˜, S˜), and let Y = π−1(X). Let K be the subgroup of H generated
by
T =
(
φ(x, s˜i)ti
)
x∈X
1≤i≤n.
Then K is an abelian group, which implies it is amenable. Therefore, we have a sequence of finite
subsets B1, B2, · · · ⊆ Cay(K,T ) with |∂Bk| / |Bk| → 0 as k →∞. Let Ck = {(x, h) |x ∈ X,h ∈ Bk}.
Partition the set ∂Ck of edges leaving Ck into two sets:
∂outCk = E(Ck, G \ Y ) and ∂inCk = E(Ck, Y \ Ck).
We have that |∂out(Ck)| = |Bk| |∂X | and |∂in(Ck)| ≤ |X | |∂Bk|. Thus
h(G,S) ≤
|∂Ck|
|Ck|
=
|∂out(Ck)|+ |∂in(Ck)|
|Ck|
≤
|Bk| |∂X |+ |X | |∂Bk|
|X | |Bk|
=
|∂X |
|X |
+
|∂Bk|
|Bk|
.
Since the second term goes to 0 as k →∞, we have h ≤ |∂X | /|X |, as desired.
6.3. Proof of Lemma 4.1.
There is a characterization of non-amenability in terms of recurrent walks. Let Γ = (V,E) be a
nonempty d-regular graph. Let p
(k)
Γ (v, v) denote the probability that the nearest neighbor random
walk on Γ starting at v returns to v at time k. That is, dkp
(k)
Γ (v, v) is the number of walks of length
k in Γ from v to v. We define the spectral radius of Γ to be
ρ(Γ) := sup
v∈V
lim sup
k→∞
(p
(k)
Γ (v, v))
1/k.
Then Γ is non-amenable if and only if ρ(Γ) < 1 (see e.g. [Woe, §10]).
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Let π : G→ H be a surjective group homomorphism, where G is some finitely generated group.
We extend π to a graph homomorphism π : Γn(G)→ Γn(H) given by
π(s1, . . . , sn) =
(
π(s1), . . . , π(sn)
)
.
This is a local graph isomorphism, in other words for each S ∈ Γn(G), the map π induces a bijection
between the edges leaving S and the edges leaving π(S). It follows that walks in Γn(H) starting at
π(S) lift uniquely to walks in Γn(G) starting at S. Thus,
p
(n)
Γn(G)
(
S, S
)
≤ p
(n)
Γn(H)
(
π(S), π(S)
)
,
and therefore
ρ
(
Γn(G)
)
≤ ρ
(
Γn(H)
)
< 1.

6.4. Proof of Lemma 4.2.
The subgraph of Γ2(Z) induced by {(a, b) ∈ Γ2(Z) | a, b > 0} is a rooted binary tree, which has
positive Cheeger constant. The same holds for the other three quadrants, so Γ2(Z) has a subgraph ∆
which is a disjoint union of four binary rooted trees. The only vertices that don’t lie in ∆ are (±1, 0)
and (0,±1), and ∆ is non-amenable, so by Lemma 3.1, Γ2(Z) is non-amenable. By Lemma 4.1, it
follows that Γ2(Z
k) is non-amenable for every k ≥ 1. 
6.5. Proof of Lemma 5.3.
Let L be the class of groups which are either Z-large, or finite, or infinitely generated. We want
to show that every elementary amenable group belongs to L. Clearly finite groups are in L. Every
finitely generated infinite abelian groups has Z as a quotient, so abelian groups are also in L. Thus
by the characterization of elementary amenable groups in [Chou] it is enough to show that L is
closed under direct unions and extensions.
If G is finite or infinitely generated, then it belongs to L, so we may suppose G is infinite and
finitely generated. Suppose G is a direct union of groups Gi ∈ L. Since G is finitely generated,
G = Gi for some i, so G ∈ L. Now suppose G is an extension of G
′′ by G′ where G′, G′′ ∈ L. Let
π : G→ G′′ be the projection with kernel G′. Since G is finitely generated, so is G′′. If G′′ is infinite,
then it must be Z-large, so there is a finite index subgroup H < G′′ which has Z is a quotient. Then
π−1(H) is a finite index subgroup of G which has Z as a quotient, so G is Z-large. On the other
hand, if G′′ is finite, then G′ is a finite index subgroup of G, so it is infinite and finitely generated.
Thus it is Z-large, and therefore so is G. 
7. Final remarks
7.1. Our arguments can be followed through to give explicit bounds on Cheeger constants of Γn(G),
and on how large n must be in order for Γn(G) to be non-amenable. To ease exposition, we did not
track these bounds, and we did not present the arguments that would result in tight bounds. More
detailed arguments with improved bounds will be presented in [Mal].
7.2. The elements of Γn(G) can be identified with epimorphisms Fn → G. The Nielsen moves then
correspond to precomposition by one of the Nielsen automorphisms R±1ij , L
±1
ij of Fn = 〈x1, . . . , xn〉
given by
L±1ij (xk) =
{
xk k 6= j
x±1i xk k = j,
R±1ij (xk) =
{
xk k 6= j
xkx
±1
i k = j
with i 6= j and 1 ≤ i, j ≤ n. These automorphisms generate an index 2 subgroup of Aut(Fn), which
we call Aut+(Fn) (see e.g. [P1, LP]). Thus, every product replacement graph is a Schreier graph
of Aut+(Fn).
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A well-known open question is whether Aut(Fn) with n ≥ 3 has Kazhdan property (T )
3. If
Aut(Fn) has property (T ) for a particular value of n, then Γn(G) is non-amenable for every infinite
n-generated group G. In fact, there is a uniform lower bound on the Cheeger constants of these
graphs.
7.3. The product replacement algorithm is a well-known method for generating random elements of
a finite group G. It begins with a generating n-tuple S ∈ Γn(G), and takes a random walk on Γn(G),
outputting a random element of the resulting generating n-tuple. The running time of this algorithm
depends on the mixing time of the random walk on Γn(G) of G. The analysis of this mixing time is
also related to the question in Subsection 7.2: if Aut(Fn) has property (T ), then the finite product
replacement graphs Γn(G) form a family of expanders for any fixed n, and the random walk on such
a graph has mixing time O(log |G|). It is known that for an appropriate value of n, the mixing time
is polynomial in log |G| (see [P2]). For a survey on the product replacement algorithm, see [P1].
7.4. For a finite group G and a fixed number n, there is a lower bound on the coefficient of expansion
of Γn(G) in terms of the coefficients of expansion of Cay(G,S), ranging over all generating n-tuples
S (see [GP]). Theorem 1.2 can be thought of as an analogue of this result for infinite groups, though
the proofs differ.
7.5. A simple consequence of Conjecture 1.1 is the following.
Conjecture 7.1. [MP] The product replacement graph Γn(G) of an infinite finitely generated group
G has exponential growth for sufficiently large n.
Some progress on this conjecture is made in [MP]. Specifically, it is shown that it holds for all
groups of polynomial growth, and all groups of exponential growth. It is also shown to hold for some
groups of intermediate growth, including the Grigorchuk group.
7.6. In [MP] it was shown that if G has exponential growth, then Γn(G) has exponential growth
for every n ≥ d(G) + 1. The proof of Theorem 1.2 is easily modified to prove a slight improvement
of this result: if G has exponential growth, then Γn(G) has exponential growth for every n ≥ d(G).
Moreover, if G has uniform exponential growth, then Γn(G) also has uniform exponential growth.
7.7. We have shown that both infinite elementary amenable groups and uniformly non-amenable
groups have non-amenable product replacement graphs. A natural next step is to look at Conjec-
ture 1.1 for groups in between those two classes. This includes every group of non-uniform exponen-
tial growth: such a group clearly cannot be uniformly non-amenable, and it has been shown that it
cannot be elementary amenable either [O2]. In particular, the groups of non-uniform exponential
growth constructed by Wilson in [W1, W2] fall between these two classes.
7.8. Groups which are neither elementary amenable nor uniformly non-amenable belong to one of
two types: amenable groups which are not elementary amenable, and non-amenable groups which
are not uniformly non-amenable.
An example of the first type is the Grigorchuk group G (see [Gri, dlH, GP]). It was shown in [MP]
that its product replacement graphs Γn(G) have exponential growth for n ≥ 5, but the techniques
do not appear to be strong enough to show non-amenability.
An example of the second type is the Baumslag-Solitar group B(p, q) where p and q are relatively
prime [O1, A+]. However, this group has Z as a quotient, so Γn(B(p, q)) is non-amenable for every
n ≥ 2. A more interesting example is the torsion group Q constructed in [O1]. Neither Theorem 1.2
nor Theorem 1.3 is enough to show that Γn(Q) is non-amenable for some n.
7.9. Another example of interest is Thompson’s group F (see [CFP]). Whether F is amenable is a
well-known open problem, but it is known that it is not elementary amenable. Thompson’s group
F has Z2 as a quotient, and therefore Γn(F ) is non-amenable for every n ≥ 2. However, the related
groups T and V are both simple groups. Thus, they cannot be Z-large, and Theorem 1.3 does not
3The answer is known to be negative for n ≤ 3 [Mc, GL].
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apply. Note that T and V both have exponential growth, so by the results in [MP] they satisfy
Conjecture 7.1.
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